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Abstract

The initial solidification problem of a two-dimensional liquid metal film flow over a heat extracting moving
boundary is studied. Analytical solutions in the limit of large Peclet numbers are found. It is shown that the point
of initial solidification depends on the Peclet number, the Biot number and the superheat. The initial growth of the
solidified phase is found to have a quadratic dependence of the distance from the point of initial solidification. The
results are applicable to continuous strip casters. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The knowledge of solidification rates is of great im-
portance in the field of casting technology. Many
attempts have been made to derive exact and approxi-
mate mathematical models to simulate the solidifica-
tion processes of metals. The far most studied case to
date is that of unidirectional solidification. Exact ana-
lytic solutions are available for the limiting cases of en-
gineering interest where heat flow is one-dimensional,
mold—metal interface resistance is negligible, and the
mold is either held at constant temperature or is very
thick [1]. Approximate analytical solutions incorporat-
ing the effect of gaseous gaps generated at the interface
between the solidified metal and the mold is presented
by Davey [2].

The analytical treatment of the directional solidifica-
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tion problem appearing in connection with horizontal-
belt-strip casting (HBSC) and planar-flow casters
(PFC) have only recently received attention, see Lo6fg-
ren and Akerstedt [3], Carpenter and Steen [4] and
Carpenter [S5]. The liquid metal is here directed onto a
conveyor belt or a spinning chill-wheel by a nozzle. A
thin (I1-15 mm, HBSC) (0.1-1 mm, PFC) solidified
strip of aluminium or steel is then produced. Steen and
Karcher [6] have recently reviewed the PFC technique.
These castings are characterised by an approximately
parallel film flow over a heat extracting moving bound-
ary. At some distance downstream, the superheated
melt reaches fusion temperature and a time indepen-
dent solidification front emerges. Except from a small
region close to the feeding point, the heat and fluid
flow are only weakly coupled and interacts only
through the shape of the solidification front.

This paper considers the initial solidification prob-
lem of continuous strip casters of the type where the
liquid metal flow is two-dimensional and approxi-
mately parallel to the moving boundary. In Section 2,
we analyse the initial heat problem of a superheated

. All rights reserved.
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Nomenclature
a thickness of  the
liquid metal film flow
h h (m) .
Bi :—a, Bi, = fa the liquid and solid
" Ks Biot numbers
¢ specific heat of solid
metal (J/m® K)
h Newtonian heat
transfer coeflicient
(W/m* K)

U Vi .. .
Pelz—a, Pe, = a4 the liquid and solid
“ %s Peclet numbers

Re = Ua/v Reynolds number

Stefan number
dimensionless  thick-
ness of the solidified

St ?*C(Tf — T())/Ahf
5=2", 5= Bi5, S = Bi;s
a

phase

T temperature field (K)

To some reference tem-
perature of the heat
sink (K)

T fusion temperature
(K)

U main film velocity
(m/s)

14 the velocity of the
moving boundary (m/
s)

x* horizontal  co-ordi-

o xt Bi2 nate (m) .

=, XxX=— dimensionless  hori-

a Pe;

zontal co-ordinates

X dimensionless dis-
tance to the point of
initial solidification

y* vertical ~ co-ordinate
b (m)
y= Y= Bijy, Y = Biy dimensionless vertical
B2 B co-ordinates
. _ Bir_ _  Bi; .
I=X—Xg,z2=—2,7 = dimensionless  trans-
P€1 PC’S

lated horizontal co-

ordinates
Greek symbols
o, O thermal diffusivity of
liquid and solid metal
AT (m?/s)
A= 7T dimensionless super-
f 0 heat
Ahg latent heat of fusion
(J/m?)
AT superheat  tempera-

ture above fusion
temperature (K)
r Gibbs-Thomson
coefficient (m K)
dimensionless trans-
lated vertical co-ordi-
nate
K1, Ks thermal conductivity
of liquid and solid
metal (W/m K)
dimensionless tem-
perature field

liquid metal film flow with a free surface and calculate
the point of initial solidification. In Section 3, the in-
itial solidification problem is considered. Conclusive
remarks are give in Section 4.

2. The initial heat flow problem

Consider a two-dimensional continuous strip caster.
Let the melt be a superheated pure metal with a free
surface. In the region adjacent to the feeding point,
both the temperature and the film flow is homogenous
apart from thin boundary layers close to the moving
boundary. In order to approximate the real problem,
we may assume a slightly modified problem by neglect-
ing the initially thin boundary layers generated within
the feeding region, see Fig. 1. Furthermore, assuming
the thermal boundary layer to be small with respect to

film thickness, at the point of initial solidification,
makes it possible to treat the liquid layer as semi-infi-
nite in a first-order approximation.

It is convenient to introduce dimensionless variables
by referring all lengths and velocities to the film thick-
ness (@) and the main horizontal velocity (U). The
dimensionless temperature is defined as

~_h-Ty
T T =Ty

0, (M

where T is the fusion temperature and 7, is some
reference temperature of the heat sink. Then, in Car-
tesian co-ordinates, the dimensionless heat equation is
given by

30, 96, 1{329l ﬁ} o

“ox Vo5 T Paloxl T ap2
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Fig. 1. Liquid metal film flow over a heat extracting moving boundary.

where Pey = aU/a is the liquid Peclet number and u
and v are the horizontal and vertical velocities. See
Table 1 for a closer view of the governing equations of
this paper.

The approximate boundary conditions are

0,(0,y)=14+A, 3)
01()2’ _)7‘>OO)‘>1 +A’ (4)
0 _ oz, 0). (5)
Y l5—0

where A <« 1 is the dimensionless superheat and Bij =

Table 1
Governing equations and boundary conditions

The heat equation

AT T aln AT .. .

*ax* + oy = 061{ P + a2 (liquid phase)
AT, 82T,  9°T, .

V{)x* = \{Bx*z a2 (solid phase)

Newton cooling at the moving boundary

a7
Kie— | = h(Ti(x*, 0) — Ty)(liquid)
ay* o=

0T,
Ks : = h(Ts(x*, 0) — Ty) (solid)
ay o=

The temperature at the solidifying interface
Ti(x*, s") = T(x*,s") =Tt = R7'T

Heat balance at the solidifying interface
N ds*
B (V' T, — gV T)) = AV

dx*

ha/k; is the liquid Biot number, assuming a constant
Newtonian heat transfer coefficient & at the heat
extracting boundary.

The condition at the point of initial solidification is

91()25, 0) = l’ (6)

neglecting curvature effects of the solidifying interface,
which is valid whenever d%5/dx? « a(T; — Tp)/I". This
assumption is validated in Section 3.2.

Searching for solutions in the limit of large Peclet
numbers, we need to express the mathematical problem
with derivatives of O(1). An obvious scaling of the ver-
tical co-ordinate is y = Bijy found by observing Eq.
(5). Let a new horizontal co-ordinate be x =
X/0(Bij, Pey). Inserting these new co-ordinates into Eq.
(2) yields
P@l u891 P@l 391 1 3291 8201

m —_——t—V— — —— — = 5.
Pe—oo| Bi2d dx = Bip dy  Bio? 9x? 9y2

(M

Knowing that u= O(1) and v = O(Re~'/?) from the
theory of boundary layer flows [7], we see that the sec-
ond term of the Lh.s. is negligible whenever Bij/Pe; >
Re~'/2. This means that the boundary layer thickness
of the velocity field is very much smaller than that of
the temperature field. The velocity field can thereby, in
this limit, be treated as homogenous. Without loss of
generality, we may choose o :Pe]/Bil2 as Pej— oo,
yielding the appropriate horizontal co-ordinate x =
Bilzfc/Pel. The third term of the Lh.s is therefore of the
order O(Bi?/Pe?) and negligible in a first approxi-
mation whenever Bi?/Pel < 1. Hence, the sought sol-
ution is therefore restricted by Bij/Pe; > Re~'/? and
(Bii/Pey)? < 1.

This is a fair assumption for today’s strip casters
having Biot numbers ranging from 1 to about 1000,
with typical Reynolds numbers of ~10* and Peclet
numbers of ~100 for liquid aluminium and ~1000 for
liquid steel.

The lowest order approximation with the new co-
ordinates is then given by
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36, 3%6,
a = W fOrX,yZO, (8)

with boundary conditions

00, y) =1+A, )
| _ g, 0), (10)
3y |0

O(x, y—o00)—1+A, (11)

and the condition at the point of initial solidification
Oi(xs,0) = 1. (12)

The solution of the temperature field is found, using
the Laplace transform in the x-direction, to be

Ox,y)y=010+A) [erf(%) + e erfc(ﬁ

y
+m>i|, (13)

1 Bi
which is self consistent for x > E(P—l)l)z, found by
insertion into Eq. (7). “
The distance to the point of initial solidification is
now found using Eq. (12), giving
_ 1 Pe;

xszgy or x“:ZB_ﬂAz valid for
1

2 Bi
JEE <Ak
7IP(31

(14)

3. The initial solidification problem

As the liquid metal starts to solidify, the heat flow
becomes a coupled problem. The latent heat generated
at the solidifying interface is extracted through a solid
state, with thermal properties different from that of the
liquid state. In order to determine the initial growth of
the solid state, we study the heat problem in each
phase separately and use the heat flux balance at the
solidifying interface Eq. (15) as a solvability condition.

Let 5 be the dimensionless thickness, in units of a, of
the solidified phase and assume weakly inclined solidi-
fication fronts. The dimensionless heat balance is then
written as

190,
Bi, 0y

_ 196
" Bi oy

y==5

Pe, ds  _  _ _
 SSmia o @

y=5

This assumption is validated by the results in Section
3.2.

3.1. The liquid metal heat flux at the solidifying
interface

In this section, we seek the distribution of the liquid
metal heat flux at the solidifying interface close to the
point of initial solidification. The method of solution is
to transform the problem so that the power of Fourier
analysis is applicable.

Introduce the new co-ordinates

z=x—x, and n=y—s(2), (16)

where s = Bijs. Assume that ds/dz < 1 in the limit of
small z and large Peclet numbers. This is validated
later in Section 3.2. It is easily seen that the form of
the heat equation (8) remains with the new set of co-
ordinates. Then, by introducing the function

O=0-1 forn=0, 17)

and assuming that O(z, n) = —O(z, —n) in order to
ensure the boundary condition ® =0(0 =1) at 5 =0,
we have generated the problem

00  3°0
— =—; —00<1n<00,z20, (18)
0z an?

with the initial temperature distribution

n In|
00,1 =-—101+A) erf(—)
O Inl{ [ Az
)2 Avm  Inl
A+l _
+e4 erfc( > +Aﬁ 1y, (19
found from Egs. (13) and (14). The solution of Egs.

(18) and (19) is given by

) B N2 -
@(Z,ﬂ):JTEJ 00.n)e L= Ve ay. o)

see [8]. Then, for weakly inclined solidification fronts,
the heat flux is

—00

o) _oe
9y ly=ssy M ly=o
1 ® Na—n' 2/4z 3,.7
=il n'©(0,n)e dny
symmetry 1 o0 , N —n’ 2/4z ,
- WL n @(0,17 )e 14y 21)

Close to the point of initial solidification, z—0,, the
exponential term of the integrand rapidly goes to zero
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even for small n’. This makes it possible to approxi-
mate the initial distribution (19) by its Taylor expan-
sion, given by

. 214+A\(n? ;13)
o0 =n+ (1 ‘;T><7+€ o)

+ 0(114); n=0.

Inserting Eq. (22) into Eq. (21) gives the heat flux dis-

tribution
| 21+A
Lo _ 06 :1+<1—7L)Z
Bl] By 7=35) ay y=s(z) m A
(23)
2 2 Bi?
Nl 2,1 220
+ 0 ~1 7 A Por

Now, knowing the heat flux from the liquid makes us
ready to investigate the heat flow problem in the solid
phase and to see if our assumption of a weakly
inclined initial solidification front is appropriate.

3.2. The heat problem in the initially thin solid phase

In this section, we solve the heat flow problem for
the initially thin solidified phase, assuming a weakly
inclined solidification front. The dimensionless heat
flow problem for the solid phase is therefore formu-
lated as

a0, 1 |a%0, 920,

= = - — (> 24
9z Pes| oz ay
with the boundary conditions
80_5 = Bis04(z, 0), (25)
Y l5=0
and the heat balance at the solidifying interface
La_e_s _ %B_i12£+ = Pes. d_‘i 27)
Bis 0y |;_5z) 7 Pey A StBi; dz

from Egs. (15) and (23).

Then again, when seeking solutions in the limit of
large Peclet numbers, we need to express the math-
ematical problem with derivatives of O(1). In the same
way, as in Section 2, we may introduce new variables
as Z = Bi?z/Pes, Y = Bisy and S = Bi 5. The asympto-
tic problem in the thin solid shell is then given by
305 020,

7 = 977 Z>0,0<Y<S(Z) (28)

90,
= B's s\4£, 5
oy |, B 02, 0) (29)
0s(Z,8) =1, (30)
30, 2 Bi% Pe Z _1ds as
Y ly—sz) n Bi2 Pe; A T Stdz” ¢ 31)
Z_’0+

where the ratios Pej/Pes and Bij/Bis are of O(1).

In order to determine the temperature field in the
region close to the point of initial solidification, we
assume a Taylor expansion of 0 for small Z and Y,
ie.

0Z, Y)=00+ A1 Z+ A Y + B Z*> + B,ZY
+ B Y 4+ C\Z3 + CZPY + CZY?
+C4Y? +HOT. (32)

By inserting Eq. (32) into Egs. (28)-(30), a straightfor-
ward identification gives

A =By =2B;=6Cy=--

A =0=1=--
B =C=C3=
A\Z+S+BZ*+ B ZS+ B3S*+---=0 (33)

To commence the analysis, we know that in the case
of no superheat in the melt, the initial growth of the
solid phase is linear [3]. It is therefore reasonable to
assume that S =kZ?+ ... as Z—04, where k is some
constant and ¢>1. The only proper choice fulfilling
both Egs. (31) and (33) is ¢ = 2, giving the solution

St Bi? Pe
O=14+Y- "L 3(Zz24+272°Y+ZY?) +HO.T
s + nABiszPel( + + )+
(34)

and

St Bi? Peg _, 3
=212 272400(2%) asz ) 35

WA B P T as Z—0, 33

This validates the assumption of weakly inclined solid-
ification fronts in the vicinity of the point of initial sol-
idification.

Let us now investigate if the curvature of the solidi-
fying interface effects the fusion temperature. We
know that this effect is negligible as long as d?5/dx? «
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a(Ty — Ty)/I'. Using Eq. (35) yields an additional
restriction for the superheat, namely
2StBifBi, T
n PePe;a(Ty — Ty)’

(36)

where I'/[a(Tty — Ty)] is typically very much smaller
than unity. This is thereby a far weaker restriction
than that for consistency of Egs. (13) and (14), which
is

Bi, 1 Bi\? 2 Bi)
- ; — 1; - A 1. 37
o > TR (Pel> < ,/nPe1 <A« (37)

Consequently, the curvature effect is negligible within
the given parameter interval of this analysis.

4. Conclusions

In this paper, we analyse the two-dimensional initial
solidification problem of a superheated pure liquid
metal, appearing in connection with the continuous
strip casting process. Analytical solutions are found in
the limit of large Peclet numbers. It is shown that the
distance to the point of initial solidification depends
on the Peclet number, the Biot number and the super-
heat. Furthermore, the initial growth of the solid
phase is found to have a quadratic dependence of the
distance from the point of initial solidification. This is
to be compared with the case of no superheat where
the initial growth is linear [3].

The results of this paper are intended to give a first-
order approximation to the initial solidification process
that can be used as an independent check of numerical
calculations. This would also be a good approximation
for the case of low-alloyed metals for which the mushy

two-phase zone can be neglected. An interesting exten-
sion to this work is to consider the effect of solute con-
centrations. This should decrease the fusion
temperature and thereby postpone the point of initial
solidification.
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